In this paper, we construct infinite families of tight regular tournaments. In particular, we prove that two classes of regular tournaments, tame molds and ample tournaments are tight. We exhibit an infinite family of 3-dichromatic tight tournaments. With this family we positively answer to one case of a conjecture posed by V. Neumann-Lara. Finally, we show that any tournament with a tight mold is also tight.
300
B. Llano and M. Olsen
Introduction
A tournament T is said to be tight if for every coloring of its vertex set V (T ) with exactly 3 colors, there exists a heterochromatic directed triangle, that is, a directed 3-cycle with vertices of different colors. This definition is related to the − → C 3 -free disconnection of a digraph D introduced by V. Neumann-Lara in [14] and the heterochromatic number of a 3-graph defined in [1] . The − → C 3 -free disconnection − → ω 3 (D) of a digraph D is the maximum number of colors r such that for every coloring of the vertex set V (D) with exactly r colors, there is no heterochromatic directed triangle. Therefore, a tournament T is tight if and only if − → ω 3 (T ) = 2.
We recall that a 3-graph H is a 3-uniform hypergraph and the hyperedges of H are called 3-edges. The heterochromatic number hc(H) of a 3-graph H is the minimum number of colors r such that for every coloring of its vertex set V (H) with exactly r colors, there exists a heterochromatic 3-edge. If hc(H) = 3, the 3-graph H is defined to be tight. [14] ).
From any tournament T, we can construct a 3-graph H T = (V, E), where V (H T ) = V (T ) and E(H T ) is the set of triples corresponding to the vertices of any directed triangle of T. One can easily check that H T is tight if and only if − → ω 3 (T ) = 2, so T is tight if and only if H T is tight (see
Infinite families of tight circulant tournaments are given in [10, 11, 14] . In this paper, we are interested in constructing infinite families of tight regular tournaments. In particular, we prove that two classes of regular tournaments (to be defined in the next section), tame molds and ample tournaments are tight. Moreover, any tournament with a tight mold is also tight.
Finally, we exhibit an infinite family of 3-dichromatic tight tournaments. A digraph D is said to be r-dichromatic if its dichromatic number dc(D) = r. The dichromatic number dc(D) of a digraph D is the least number of colors needed to color the vertices of D such a way that each chromatic class is acyclic (for more details, see [13] ). This family positively answers to the following conjecture for the special case when s = 2 and r = 3:
For every couple of integers (r, s) such that r ≥ s ≥ 2 there is an infinite set of regular tournaments T such that dc(T ) = r and − → ω 3 (T ) = s.
For the usual terminology on graphs, digraphs and tournaments used in the paper, see [2, 3, 12, 16] . 
is a heterochromatic directed triangle if the vertices x, y and z receive different colors from ϕ. Throughout this paper, we deal with regular tournaments which are well-known to have odd order. We denote by Z 2m+1 the group of residues modulo 2m+1. Let J ⊆ Z 2m+1 such that |J| = m and i+j = 0 (mod 2m+1)
It is well-known that a circulant tournament is regular and vertex-transitive.
, is called the cyclic tournament. It is easy to check that for all m there is only one cyclic tournament up to isomorphism.
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The domination digraph D(T ) of a (not necessarily regular) tournament T is defined as V (D(T )) = V (T ) and the arcs of A(D(T )) are of the form uv, where
(see [9] ). For a regular tournament T , this definition is equivalent to
The arcs of the domination digraph are called D-arcs. The underlying graph of a domination digraph D(T ) of T is the domination graph dom(T ).
Lemma 1 ([9] Lemma 2.4). If T is an induced subtournament of T, then the induced subdigraph of D(T ) on V (T ) is a subdigraph of D(T ).

Lemma 2 ([4, 7], [15] Lemma 2). Let D(T ) be the domination digraph of a regular tournament T. Then every directed path P ⊂ D(T ) is directed in T .
Lemma 3 ([15] Lemma 3). Let
where T is a regular tournament, and let
In [5, 6] 
, then it is composed of at least four directed paths.
We will often use the following construction that can be found in [15] : 
Proposition 1 ([15] Lemma 6). If T is a regular tournament and u, v ∈ V (T ), then the residual tournament T = T \ {u, v} is regular if and only if u | v(mod V (T )).
Corollary 1 ([15] Corollary 1). If T is a regular tournament and P ⊂ D(T ) is a directed path of even order, then T \ P is regular.
If T is a regular tournament and every directed path in the domination digraph D(T ) has order at most 2, then T is said to be a mold. By Theorem 1, observe that the domination digraph of a mold is composed of a nonempty set of isolated vertices and a (possibly empty) set of disjoint arcs.
Consider a regular tournament T and let {P 1 i } and {P 2 j } be the sets of maximal directed paths of odd and even order, respectively, in D(T ), where
j } may be empty. Let us define the following sets of vertices:
We define the mold M T of a non-cyclic regular tournament T as follows:
Consider now a regular tournament T of order 2m + 3 and a D-arc uv. Then, the residual tournament T = T \ {u, v} (uv ∈ A(T )) is regular by Proposition 1 and we say that the arc uv is C-residual if T is isomorphic to − → C 2m+1 (I m ). A mold M is called tame if it has a C-residual arc. A regular tournament T is tame if M T is tame. Finally, we denote by F(M ) the family of regular tournaments whose mold is M.
Theorem 2 ([15], Theorem 4). Let M be a tame mold and T ∈ F(M ). Then dc(M ) = 3 = dc(T ).
If T is a regular tournament and every directed path in the domination digraph D(T ) has order at least 3, then T is said to be an ample tournament. For more details on tame molds, see [15] . 
Families of Tight Regular Tournaments
Since P is 3-chromatic, such a combination of colors does always occur. We have two cases: Finally, if i = l, we have the coloring 001 for the last three vertices of P. Therefore, it is enough to prove the following three cases:
Since ϕ is a proper 3-coloring, there exists a vertex w ∈ V (T \ P ) such that ϕ(w) = 2. Using Remark 3, we have that:
) is a cyclic triangle, then for all w ∈ V + we suppose that ϕ(w) = 2. Using that ϕ is proper, there exists x ∈ V − , such that ϕ(x) = 2. Suppose that there is a vertex in N + (x; V + ), say u. So, ϕ(u) = 2. Since (x, u, v i+1 , x) and (x, u, v i−1 , x) 
Note that ϕ (v l ) = 0 and ϕ (v i ) = 1 for i = 1, 2, . . . , l − 1. Then by Case 2, we have a heterochromatic cyclic triangle in ← − T with the proper 3-coloring ϕ . Clearly, there is a heterochromatic cyclic triangle in T with the 3-coloring ϕ. P roof. Let T be a regular tournament and uv a D-arc such that T = T \ {u, v} is tight and |V (T )| = 2m + 1. Note that T is regular by Proposition 1. Suppose that ϕ : V (T ) → {0, 1, 2} is a proper 3-coloring of T without heterochromatic cyclic triangles. Since T is tight, we may assume that Remark 3) . We have two cases:
, respectively, are heterochromatic. Consequently, there are no 2-chromatic arcs between vertex sets V − and V + and so T is monochromatic. It follows that ϕ is a 2-coloring, a contradiction with the original assumption.
We conclude that if the residual tournament T of a D-arc is tight, then the regular tournament T is tight.
The following result will be used in the proof of Corollary 2.
Corollary 2. Tame molds are tight. P roof. Let M be a tame mold and uv the C-residual arc. Then M \ {u, v} is a cyclic tournament, which is tight by Proposition 2.
Corollary 3. Let T be a regular tournament and P a D-path of even order such that T = T \ P is tight. Then T is tight. P roof. Apply Theorem 4 to the arcs of P . Note that T \ P is a regular tournament by Corollary 1.
Using this corollary and Theorem 2, we have that tame molds M and all T ∈ F(M ) tame tournaments are 3-dichromatic and tight. These facts confirm the validity of Conjecture 1 for the special case when r = 3 and s = 2. P roof. Let T be an ample tournament. By contradiction, suppose that T is not tight, that is, there exists a proper 3-coloring ϕ : V (T ) → {0, 1, 2} not inducing heterochromatic cyclic triangles. By Theorem 3, we have that every directed path of order at least 3 in the domination digraph D(T ) is monochromatic. Since T is ample and by Theorem 1 and Remark 2, there exist at least four directed paths in D(T ) of order at least 3. Let P u , P v and P w be three directed paths in D(T ), each one of a different color (since ϕ is a proper 3-coloring, these directed paths exist). We define From (i) and (ii), we obtain a contradiction, ϕ does not induce heterochromatic cyclic triangles.
Theorem 6. Let M be a tight mold and T ∈ F(M ). Then T is tight.
P roof. Let M be a tight mold and T ∈ F(M ). We have two cases: Since P is monochromatic, for every vertex w ∈ V (P ) we have that ϕ(w) = 2. In particular, the initial vertex of P belonging to V (M ) has color 2, a contradiction to the choice of ϕ | M .
Concluding Remarks
Observe that for every mold M, there is an infinite family of ample tournaments T such that T ∈ F(M ) and all of them are tight by Theorem 5. Moreover, by Theorem 6 we can conclude that there exist an infinite family of non ample tight regular tournaments T ∈ F(M ), where M is a tame mold.
The non-cyclic circulant tournaments − → C 2n+1 (J) are molds since D(T ) is edgeless by Corollary 3.7 of [9] .
The following families are known to be tight: 
